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Abstract—The present letter proposes a differentially modu-
lated non-orthogonal spectrally efficient frequency-division mul-
tiplexing (D-SEFDM) architecture, which allows us to dispense
with any pilot overhead needed for channel estimation at the
receiver, while increasing the bandwidth efficiency in comparison
to the orthogonal frequency-division multiplexing counterpart.
While it is a challenging task to carry out differential-modulation-
assisted non-coherent detection for multi-carrier transmissions in
the presence of a severe inter-carrier interference (ICI), in the
proposed scheme ICI elimination and symbol demodulation are
implemented in a non-coherent manner, by exploiting the fact
that ICI imposed by D-SEFDM is deterministically given, once
we have a compression factor of non-orthogonal subcarriers. It is
verified in our simulations that the proposed D-SEFDM exhibits
a higher performance than the conventional coherent SEFDM
scheme, especially for the scenarios of a high Doppler frequency.

I. INTRODUCTION

THE classic differential modulation technique allows us
to dispense with the pilot transmission and channel

estimation (CE) [1], and hence the CE-error-induced perfor-
mance degradation, which is typically imposed by its coherent
counterpart, is avoided in differential non-coherent detec-
tion. Differential modulation was employed for orthogonal
frequency-division multiplexing (OFDM) [2], by assuming
that differentially modulated symbols in each subcarrier expe-
rience the non-dispersive frequency-flat channel. However, it
is a challenging task to carry out such differential modulation
and non-coherent detection in the frequency-selective channel,
since equalization is inapplicable to non-coherent detection.

Introducing the concept of non-orthogonal resource allo-
cation into several available domains, such as the time [3,
4], the frequency [5–8], and the power ones [9], have been
investigated for improving the bandwidth efficiency, by al-
lowing an increased processing complexity. More specifically,
spectrally efficient frequency-division multiplexing (SEFDM)
is a multicarrier transmission [5, 6], which relies on non-
orthogonal subcarriers for the sake of improving a bandwidth
efficiency, compared with the OFDM counterpart. Naturally,

c⃝ 2019 IEEE. Personal use of this material is permitted. Permission from
IEEE must be obtained for all other uses, in any current or future media,
including reprinting/republishing this material for advertising or promotional
purposes, creating new collective works, for resale or redistribution to servers
or lists, or reuse of any copyrighted component of this work in other works.

S. Osaki, M. Nakao, and T. Ishihara are with the Department of Computer
and Information Sciences, Tokyo University of Agriculture and Technology,
Koganei, Tokyo 184-8588, Japan.

S. Sugiura is with the Institute of Industrial Science, The University
of Tokyo, Meguro-ku, Tokyo 153-8505, Japan (e-mail: sugiura@ieee.org).
(Corresponding author: Shinya Sugiura.)

The present study was supported in part by the Japan Society for the Pro-
motion of Science (JSPS) KAKENHI Grant Numbers 16KK0120, 17H03259,
and 17K18871.

��� � ���

ℎ

	�� � ���




�����/�




������/�

Source

PSK S/P

Delay
�

� ,�

�

�,�

�

���

�

���

�

�

∗

���

� �

�




� �

�




�

�

∗

���

M
M

S
E

��

���

Delay
��

���

∗

��

�

P/S

��� � ���

�

�,�

�

�,�

�

�

�̂

�,�

�̂

�,�

⋮

⋮⋮

⋮
⋮

Fig. 1. Transceiver model of the proposed D-SEFDM scheme.

this SEFDM scheme’s benefit is attained at the sacrifice of
the additional demodulation complexity at the receiver, since
inter-carrier interference (ICI) imposed has to be eliminated
at the receiver [8, 10]. Note that as shown in [8], the SEFDM
scheme’s advantage over OFDM is attainable, especially in the
low-rate transmission regime. Furthermore, multicarrier faster-
than-Nyquist system was presented based on the exploitation
of time- and frequency-domain non-orthogonal resource pack-
ing [11, 12].

Bearing the above background in mind, the novel contri-
butions of this letter are as follows. We propose a differ-
entially modulated SEFDM (D-SEFDM) scheme, where ICI
introduced by non-orthogonal subcarriers of SEFDM is firstly
canceled out at the receiver with the aid of the knowledge of
subcarrier’s compression factor. Then, differentially modulated
symbols are demodulated in a non-coherent manner, i.e., with-
out relying on any CE, similar to the conventional differential
demodulation. Our simulation results clarify that the proposed
D-SEFDM scheme exhibits the performance advantage over
the conventional SEFDM scheme.

II. SYSTEM MODEL OF D-SEFDM

A. Transmitted Signal Model

Fig. 1 shows the system model of the proposed D-SEFDM
transceiver. In this letter, we assume that the additive white-
Gaussian noise (AWGN) and the frequency-flat Rayleigh fad-
ing channels. At the D-SEFDM transmitter, information bits
are modulated with the aid of M -size phase-shift keying (PSK)
constellation onto N subcarriers. The modulated PSK symbols
are expressed by

x = [x1, x2, · · · , xBN−1]
T ∈ CBN−1, (1)
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where (BN − 1) PSK symbols are generated in each frame
that contains B blocks. Furthermore, N is the number of
subcarriers.

Then, the PSK symbols x are differentially modulated,
in order to generate differentially modulated PSK (DPSK)
symbols u = [u1, · · · , uBN ]T ∈ CBN as follows:

ui = xi−1ui−1 (i = 2, · · · , BN), (2)

where the initial reference symbol is set to u1 = 1. Further-
more, BN -length DPSK symbol vector u is rearranged to
the (N × B)-size matrix S = [s1, · · · , sB] ∈ CN×B , where
si = [si,1, · · · , si,N ]T ∈ CN . Here, we have the relationship
of ui+N(j−1) = sj,i. This implies that differential encoding is
carried out over an entire frame.

Then, the DPSK symbol si,j is modulated onto the jth non-
orthogonal subcarrier in the ith block, where the frequency-
domain separation ∆f = α/T between two adjacent subcarri-
ers of the D-SEFDM scheme is lower than that of the OFDM
counterpart. Furthermore, T is the block duration. Note that
the no-compression case of α = 1 corresponds to the classic
OFDM scenario.

The transmitted signals of D-SEFDM in the ith block is
given by

s(t− iT ) =
1√
T

N∑
k=1

si,k exp(j2πkαt/T ). (3)

Moreover, since the bandwidth consumed by the D-SEFDM
scheme is given by [13]

(N − 1)α

T
+

2

T
[Hz], (4)

the bandwidth efficiency R is formulated by

R =
(BN − 1) log2 M

B[(N − 1)α+ 2]
[bps/Hz]. (5)

B. Received Signal Model
Let us assume that the SEFDM frame is transmitted to the

receiver over the quasi-static frequency-flat Rayleigh fading
channel, and then the received signals in the ith block y(t−iT )
are represented by

y(t− iT ) = hs(t− iT ) + n(t− iT ), (6)

where n(t− iT ) is the AWGN components, which are repre-
sented by the random variables, obeying the complex-valued
Gaussian distribution of CN (0, N0) with a zero mean and a
noise variance of N0. Also, h is a channel coefficient, which
obeys the distribution of CN (0, 1). Moreover, the channel
coefficient h is assumed to remain constant over the two
successive block intervals, while the exact knowledge of the
compression factor α and the noise variance N0 is acquired
at the receiver in advance.

At the receiver, the received signals are initially processed
by N correlators that extract a set of sufficient statistics, in
order to eliminate the effects of colored noises. The output of
the ith receiver correlator in the ith frame is expressed as

ri,j =

∫ T

0

y(t− iT )b∗j (t)dt (j = 1, · · · , N), (7)

where bj(t) is the jth component of an orthonormal basis gen-
erated according to the Gram-Schmidt orthonormalization [5].
Hence, we arrive at

ri = [ri,1, · · · , ri,N ]T ∈ CN , (8)
= hMsi + ni, (9)

where the matrix M ∈ CN×N represents the correlation
coefficients. The pth-row and qth-column element of M is
given by

mp,q =
1√
T

∫ T

0

exp(j2πqαt/T )b∗p(t)dt. (10)

Also, ni = [ni,1, · · · , ni,N ]T ∈ CN is the associated noise
component, which is given by

ni,k =
1√
T

∫ T

0

n(t− iT )b∗k(t)dt. (11)

Note that the matrix M is available at the receiver, since it is
uniquely determined by the compression factor α.

Then, based on the minimum mean-square error (MMSE)
criterion [14], we arrive at

ŝi = [ŝi,1, · · · , ŝi,N ]T ∈ CN (12)
= Wri (13)
= hWMsi +Wni, (14)

where the MMSE weights W ∈ CN×N are given by

W = MH(MMH +N0IN )−1. (15)

Note that MH denotes the hermitian of matrix M and IN
is the identity matrix with the size of N . Moreover, ŝi are
rearranged to û = [û1, · · · , ûBN ]T ∈ CBN , according to
ûi+N(j−1) = ŝj,i.

Finally, similar to [15, 16], the PSK symbols x̂ =
[x̂1, · · · , x̂BN−1]

T ∈ CBN−1 are estimated from the equalized
D-SEFDM symbols û as follows:

x̂i−1 = argmin
xi−1

∥xi−1 − ûiû
∗
i−1∥ (i = 2, · · · , BN). (16)

Hence, the channel coefficient h does not have to be estimated
at our D-SEFDM receiver.

Note that the complexity orders of (13), (15), and (16),
which are evaluated in terms of the number of real-valued
multiplications and additions, are given by O(N2), O(N3),
and O(N), respectively. However, by relying on the fact that
the matrix M is known in advance of transmissions, the cal-
culations of (15) can be carried out offline, over the potential
range of the noise variance N0. Hence, the total complexity
order per block of the presented successive detection algorithm
is as low as O(N2), which is tractable even in a mobile
handset.

C. Analytical Bit-Error Ratio

Here, we provide the bit-error ratio (BER) of the proposed
D-SEFDM scheme. From (14), the components of the desired
D-SEFDM symbols, the ICI, and the AWGNs are represented,
respectively, by sd = hΓds, sI = hΓIs, and sn = Wn. Here,
we have Γd = diag{WM} and ΓI = WM − Γd. Then, the
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average power of the desired D-SEFDM symbols, the ICI and
the AWGN components are given by

Pd = tr{E[sdsHd ]} = tr{E[hh∗Γdss
HΓH

d ]}
= tr{ΓdΓ

H
d }. (17)

PI = tr{E[sIsHI ]} = tr{E[hh∗ΓIss
HΓH

I ]}
= tr{ΓIΓ

H
I } (18)

Pn = tr{E[snsHn ]} = tr{E[WnnHWH ]}
= tr{WWH}N0. (19)

Note that (17) and (18) come from the relationships of
E[hh∗] = 1 and E[ssH ] = IN . Also, (19) comes from the
relationship of E[nnH ] = N0IN . From (17)–(19), the average
SINR value of the D-SEFDM symbols is given by

SINRb =
1

log2M
× Pd

PI + Pn
. (20)

Since the analytical average BER of differential BPSK is
formulated by [17]

P (E) =
1

2(1 + γb)
, (21)

the analytical BER of DBPSK-modulated D-SEFDM scheme
over a frequency-flat Rayleigh fading channel is derived by
substituting (20) into the γb of (21). Similarly, the analytical
average BERs of differential QPSK, 8PSK, and 16PSK [17]
are readily applicable to our analytical framework.

III. PERFORMANCE INVESTIGATIONS

Our performance results are provided for characterizing the
achievable performance of the proposed D-SEFDM scheme.
The number of subcarriers and that of blocks per frame were
given by N = 4 and B = 256, respectively. Furthermore, we
assumed the transmissions of sinc pulses for the modulated
symbols of each subcarrier. Hence, bj(t) is represented by the
window function. Unless otherwise noted, these parameters
were used throughout this section. The conventional coher-
ent SEFDM and OFDM were considered to be benchmark
schemes. We evaluated the proposed D-SEFDM scheme for
both the quasi-static and time-varying frequency-flat Rayleigh
fading channels.1

Firstly, in Fig. 2 we show the BER performance of the
proposed D-SEFDM scheme in the quasi-static frequency-flat
Rayleigh fading channel. Here, we plotted both the numerical
and analytical curves. Fig. 2(a) shows the BPSK-modulated D-
SEFDM scheme with the compression factor of α = 0.7, 0.8,
and 0.9, which corresponded to the bandwidth efficiencies of
0.85, 0.91 and 0.98 [bps/Hz]. Fig. 2(b) shows the D-SEFDM
scheme, employing BPSK, QPSK, 8PSK, and 16PSK, while
maintaining α = 0.8. As shown in Fig. 2(a), the proposed
D-SEFDM with α = 0.9 exhibited a similar performance to
the conventional DBPSK-modulated OFDM (α = 1.0), while
attaining a 6% higher bandwidth efficiency than that of the

1In this letter, we assumed the frequency-flat fading channel, similar to
the conventional SEFDM studies. However, incorporation of blind CE of
the dispersive channel coefficients may be useful for successful operation of
non-coherent detection of the proposed D-SEFDM scheme in the frequency-
selective fading channel, which is left for our future study.

(a) BPSK, α = 1.0, 0.9, 0.8, and 0.7
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Fig. 2. The achievable BER performance of the D-SEFDM scheme, where
both the numerical and analytical curves were plotted.

OFDM counterpart. Note that the analytical and numerical
curves well matched, hence validating the system model of
the proposed D-SEFDM scheme. Furthermore, the D-SEFDM
scheme with α = 0.7 achieved a 23% higher bandwidth effi-
ciency than OFDM, while suffering from a 3-dB performance
penalty. Observe in Fig. 2(b) that regardless of the modulation
order, the analytical curves were coincided with the numerical
counterparts.

Next, Fig. 3 compares the BERs of the proposed D-SEFDM
scheme and the conventional coherent SEFDM scheme, each
employing the MMSE equalizer at the receiver, where BPSK
and QPSK were considered in Figs. 3(a) and 3(b), respectively.
It is assumed that in the conventional coherent SEFDM, the
accurate CSI was used at the receiver, and that the rate
reduction due to the pilot overhead was ignored. As seen
in Fig. 3, in each α scenario, a 3-dB performance loss was
observed in the D-SEFDM scheme over the conventional
coherent SEFDM scheme. This loss was due to the well-
known noise-doubling effects, which are caused by differential
demodulation [1]. Hence, the fundamental performance merits
of the D-SEFDM scheme over the conventional OFDM with
differential encoding, is similar to those of the SEFDM scheme
over coherent OFDM, which was shown in [5–12].

Moreover, we considered the scenarios of the time-varying
frequency-flat Rayleigh fading channels. Fig. 4 shows the
achievable BERs of the BPSK-modulated D-SEFDM and the
conventional BPSK-modulated coherent SEFDM, where α
was fixed to 0.8. Note that the received signals of (6) are
changed to y(t− iT ) = h(t)s(t− iT )+n(t− iT ), where h(t)
is the fading coefficients of the time-varying channel, which
obeys the relationship of E[h(t)h∗(t + τ)] = J0(2πFdTτ).
Here, FdT represents the normalized Doppler frequency, and
J0 is the zero-order Bessel function of the first kind. For
the coherent scheme, we assumed that the accurate CSI was
updated at the beginning of each frame. Observe in Fig. 4
that the coherent SEFDM suffered from an error floor in the
scenarios of FdT = 1.0× 10−5 and 1.0× 10−6, while the D-
SEFDM scheme maintained the error-floor-free performance,
which is comparable to the quasi-static scenario of Fig. 3.
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(a) BPSK (b) QPSK

Fig. 3. The achievable BERs of the proposed D-SEFDM and the con-
ventional coherent SEFDM, the bandwidth compression factor was set to
α = 1.0, 0.9, 0.8, and 0.7: (a) BPSK, (b) QPSK.
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Fig. 4. The achievable BERs of the proposed D-SEFDM and the conventional
coherent SEFDM in the time-varying frequency-flat Rayleigh fading channels,
both employing the BPSK and the number of blocks of B = 256. Here, the
compression factor was fixed to α = 0.8. The normalized Doppler frequencies
were set to FdT = 1.0× 10−6, 1.0× 10−5, and 1.0× 10−4.

Next, Fig. 5 illustrates the effects of the compression factor
α on the BER performance. Here, the compression factor
was varied from α = 0.3 to 1.0 and Eb/N0 was maintained
to 40 dB. Observe in Fig. 5 that the D-SEFDM scheme
remained unchanged, regardless of FdT , even if α was small.
By contrast, the BER of the coherent SEFDM deteriorated,
upon increasing the normalized Doppler frequency. More
specifically, the performance of the coherent SEFDM scheme
with FdT = 1.0 × 10−4 explicitly outperformed by the
proposed D-SEFDM scheme for α ≥ 0.5.

Fig. 6 shows the BER performance of the proposed D-
SEFDM scheme and the conventional SEFDM schemes, both
employing BPSK modulation, which ere recorded at the
Eb/N0 = 40 dB, where the number of blocks was varied
from B = 64 to 2048, and the compression factor was
maintained to α = 0.8. It was found from Fig. 6 that the
BER performance of the D-SEFDM scheme remained almost
unchanged, regardless of the number of blocks B and the
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fading channel, where the number of blocks was varied from B = 64 to
2048. Here the compression factor was set to α = 0.8.

normalized Doppler frequencies FdT . By contrast, the BER
performance of the coherent SEFDM scheme was largely
affected, and more specifically, its BER performance was
deteriorated, upon increasing the number of blocks.

Essentially, the PAPRs of the D-SEFDM and the SEFDM
schemes are identical, since the main difference between both
the transmitters are constituted by differential encoding of
(16), employed by D-SEFDM. Note that in our extensive
numerical studies, the PAPRs of the SEFDM, D-SEFDM, and
OFDM schemes were found to be comparable.

IV. CONCLUSIONS

The present letter proposed the novel D-SEFDM scheme,
which is capable of CE-free non-coherent detection, despite
the effects of ICI. This is enabled by exploiting the fact that ICI
is accurately attained at the receiver in a deterministic manner.
Furthermore, it was shown that our proposed D-SEFDM
outperformed the conventional SEFDM in the scenarios of a
high Doppler-frequency.
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